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CHARACTERIZATION OF SMOOTHNESS
OF MULTIVARIATE REFINABLE FUNCTIONS
IN SOBOLEV SPACES

RONG-QING JIA

ABSTRACT. Wavelets are generated from refinable functions by using multi-
resolution analysis. In this paper we investigate the smoothness properties
of multivariate refinable functions in Sobolev spaces. We characterize the
optimal smoothness of a multivariate refinable function in terms of the spectral
radius of the corresponding transition operator restricted to a suitable finite
dimensional invariant subspace. Several examples are provided to illustrate
the general theory.

1. INTRODUCTION

We are concerned with functional equations of the form

(1.1) ¢=Y a(a)$(M - —a),

a€Zs

where ¢ is the unknown function defined on the s-dimensional Euclidean space R,
a is a finitely supported sequence on Z°, and M is an s X s integer matrix such that
lim,, oo M~™ = 0. The equation (1.1) is called a refinement equation, and the
matrix M is called a dilation matrix. Correspondingly, the sequence a is called
the refinement mask. Any function satisfying a refinement equation is called a
refinable function.

Wavelets are generated from refinable functions. In [18], Jia and Micchelli dis-
cussed how to construct multivariate wavelets from refinable functions associated
with a general dilation matrix. The approximation and smoothness properties of
wavelets are determined by the corresponding refinable functions.

Our goal is to characterize the smoothness of a refinable function strictly in terms
of the refinement mask. This information is important for our study of multivariate
wavelets.

Before proceeding further, we introduce some notation. For j =1,... s, let ¢;
be the jth coordinate unit vector in R®. The norm in R? is defined by
lyle=1lyl+-+lysls  y=(y1, - ys) ER.
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The distance between two points x and y in R® is defined by dist (z,y) := |z — y|.
Let E be a subset of R®. The distance from z to F is given by

dist (z, E) := inf{dist (z,y) : y € E}.

Let N denote the set of nonnegative integers. An element p = (u1,...,us) € N§
is called a multi-index. The length of p is |u| := 1+ - - + ps, and the factorial of p
is p! = pq!- - pg!. For j=1,...,s, D; denotes the partial derivative with respect
to the jth coordinate. For u = (pu1,...,us) € N§, D* is the differential operator
DY .. D#=. Moreover, p,, denotes the monomial given by
pu(@) =itk x=(r1,...,15) € R".

The total degree of p, is |u|. For a nonnegative integer k, we denote by IIj the
linear span of {p, : |u| < k}.

We denote by ¢(Z*) the linear space of all (complex-valued) sequences on Z°,
and by £o(Z*) the linear space of all finitely supported sequences on Z*°. The
difference operator V; on ¢(Z°) is defined by Vja :=a — a(- — ¢;), a € £(Z?). For
w = (p1,...,1s) € N§, V# is the difference operator Vi --- V£, We use § to
denote the sequence on Z* given by 6(0) = 1 and 6(8) = 0 for all 8 € Z*\ {0}. For
b€ £(Z?) and ¢ € £y(Z®), the (discrete) convolution of b with ¢ is defined by

bic(a) = Y bla—B)c(B), acZ.
BEL?

In particular, bxd = b for b € £(Z®). )
The symbol of an element b € £4(Z*) is the Laurent polynomial b(z) given by

b(z) ==Y _ bla)z®,  z€(C\{0})"

«€Zs
The complex conjugate of a complex number z is denoted by z. For z = (21,... , 25)
in C* we write Z for (z1,...,%5). Let T* denote the s-torus
{(z1,...,25) €EC° i |z1| = - = |2z5| = 1}.

Then z = 271 for z € T*. Consequently, if b € £o(Z?) is real-valued, then we have
b(z) = b(z~1) for z € T*.

For 1 < p < oo, by ¢,(Z*) we denote the Banach space of all sequences b on Z°
such that ||b||, < oo, where

1/p
1Bl := (Z |b(a)|p) for 1< p < oo,

a€EZS

and ||b]| is the supremum of b on Z°.
For 1 < p < o0, by L,(R®) we denote the Banach space of all (complex-valued)
measurable functions f on R® such that ||f||, < oo, where

1/p
= ([ roras) " for1<p<s,

and || f||oo is the essential supremum of f on R*.
The Fourier transform of a function f € L;(R?®) is defined to be

[© = | J@e™tdr,  €cR,
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where z - £ denotes the inner product of two vectors x and £ in R®. The domain of
the Fourier transform can be naturally extended to include compactly supported
distributions.

If a satisfies

(1.2) Z a(a) = m := | det M|,
Q€L

then it is known that there exists a unique compactly supported distribution ¢
satisfying the refinement equation (1.1) subject to the condition ¢(0) = 1. This
distribution is said to be the normalized solution of the refinement equation
(1.1). This fact was essentially proved by Cavaretta, Dahmen, and Micchelli in [2,
Chap. 5] for the case in which the dilation matrix is 2 times the s X s identity matrix
I. The same proof applies to the general refinement equation (1.1). Throughout
this paper we assume that (1.2) is satisfied.

For v > 0, we denote by W¥(R®) the Sobolev space of all functions f € Lo(R*)
such that

L IFOF 0+ 1)? de < .

The critical exponent of a function f € La(R®) (see [25]) is defined by
v(f) :=sup{v: f e Wy (R*)}.

Sobolev spaces are related to Lipschitz spaces, which are defined on the basis of
the modulus of smoothness. For y € R®, the shift operator 7, is given by

Tyf = f( - y)7
and the difference operator V, is given by
Vyf=f—-f(—-v),

where f is a function defined on R®. The modulus of continuity of a function f
in L,(R®) is defined by
w(f,h)p = sup ||Vnyp, h > 0.
ly|<h

Let k be a positive integer. The kth modulus of smoothness of f € L,(R®) is
defined by

(£ 1)y = sup [VEf . B0,
ly|<h

Thus, w1(f,)p = w(/f,)p is the modulus of continuity.
For 1 <p < oo and 0 < v < 1, the Lipschitz space Lip(v, L,(R®)) consists of all
functions f € L,(R?®) for which

w(f,h)y <Ch  Vh>0,

where C' is a positive constant independent of h. For v > 0 we write v = r 4+ 7,
where 7 is an integer and 0 < n < 1. The Lipschitz space Lip(v, L,(R®)) consists
of those functions f € L,(R?®) for which D*f € Lip(n, L,(R?)) for all multi-indices
w with |u] = r. For v > 0, let k be an integer greater than v. The generalized
Lipschitz space Lip* (v, L,(R?)) consists of those functions f € L,(R®) for which

wi(f. )y <ChY  Yh>0,
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where C' is a positive constant independent of h. If v > 0 is not an integer, then
Lip(v, Ly(R®)) = Lip* (v, L,(R?%)), 1<p< .

See [6, Chap. 2] for a discussion on Lipschitz spaces.

It is well known that, for v > & > 0, the inclusion relations

Lip(v, L2(R®)) C Lip* (v, L2(R?)) C Lip(v — €, L2(R?))
and
Wy (R*) C Lip(v, L2(R%)) € W5 ™°(R?)
hold true. See [23, Chap. V] for these facts. Therefore we have
v(f) =sup{v: f € Lip(v, L2(R*))} = sup{v : f € Lip* (v, L2(R?))}.

The concept of stability plays an important role in the study of the smoothness

properties of refinable functions. Let ¢ be a compactly supported function in L, (R?)

(1 < p < o0). We say that the shifts of ¢ are stable if there are two positive
constants C7 and Cs such that

S A@)é(- - a)

a€Zs

(1.3) Ol < <G, VA€ L(Z).

p

It was proved by Jia and Micchelli in [17] that a compactly supported function
¢ € Ly(R®) satisfies the Ly-stability condition in (1.3) if and only if, for any £ € R?,
there exists an element 3 € Z° such that

d(&+2nB3) #0.

If a compactly supported distribution ¢ satisfies this condition, then we still say that
the shifts of ¢ are stable. In the binary case (s = 1 and M = (2)), Jia and Wang [19]
gave a characterization for stability of a refinable function in terms of the refinement
mask. Their results were extended by Zhou [27] to the case where the scaling factor
m is an arbitrary integer greater than 1. In the case s > 1 and M = 21, Hogan
[11] gave a characterization of stability for a class of refinable functions in terms of
the mask. When M is a general dilation matrix and the normalized solution ¢ of
(1.1) lies in Lo(R®), Lawton, Lee, and Shen [20] characterized stability of the shifts
of ¢ in terms of eigenvalues and eigenvectors of a certain linear operator associated
with the refinement mask.

Let us review the binary case where s = 1 and M = (2). Denote by ¢ the
normalized solution of the refinement equation with mask a. Under the condition
that a(e’) # 0 for all £ € (—m, ), Eirola in [7] established a formula for the critical
exponent of ¢. His results were improved by Villemoes in [25]. In this case, even the
requirement for stability of ¢ can be relaxed (see [25] and [13]). Recently, Cohen
and Daubechies [4] studied the regularity of refinable functions for the case where
the refinement mask is not necessarily finitely supported.

The results in both [7] and [25] rely on factorization of the symbol of the mask.
In the multivariate case, however, the symbol of the refinement mask is often irre-
ducible. For example, let s = 2, M = 2I, and a the mask given by its symbol

~ 2 2
a(z) := 27 + z2 + z122 + 2125.

Then a(z) is irreducible (see [16]). But the refinable function ¢ associated with a
lies in Lo(R?) and has stable shifts. In Section 4 we will show

v(¢) =1—1log, 3.
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Because of the difficulty mentioned above, the existent literature did not pro-
vide decisive results for the smoothness analysis of multivariate refinable functions.
Some special cases were studied by several authors, including Cohen and Daubechies
[3], Villemoes [26], Goodman, Micchelli, and Ward [8], Dahlke, Dahmen, and Latour
[5], and Riemenschneider and Shen [21].

The purpose of this paper is to provide a conclusive characterization for the
smoothness of a multivariate refinable function in terms of the refinement mask
and the dilation matrix. This goal will be achieved by employing my previous work
[13]-[16] and my joint work with Han [10].

Our methods apply to isotropic dilation matrices. Let M be an s x s matrix with
its entries in C. We say that M is isotropic if M is similar to a diagonal matrix
diag {A1,...,As} with |[A1| = -+ = |Xs|]. For example, for a,b € R, the matrix

a —b
b a
is isotropic.

For a compactly supported distribution ¢ on R® and a sequence b € ¢(Z*), the
semi-convolution of ¢ with b is defined by

¢¥'b =Y ¢(-— a)b(a).
a€Zs
Let S(¢) denote the linear space {¢+'b : b € ((Z°)}. We call S(¢) the shift-
invariant space generated by ¢.

Section 3 is devoted to a study of the subdivision and transition operators as-
sociated with the refinement equation (1.1). Let a be an element in £(Z*®) and let
M be a dilation matrix. The subdivision operator S, is the linear operator on
0(Z#) defined by

(1.4) Squ(a) = Z ala — MpB)u(B), aeZ’,

Bezs

where u € £(Z*®). The transition operator Ty is the linear operator on £y(Z*)
defined by

(1.5) To(a) = Z a(Ma — B)v(B), a e’
Bezs
where v € {y(Z?).

In Section 2 we will establish the following results. Let M be an isotropic dilation
matrix with m = |det M|. Let v > 0 and let k be a positive integer. If the
normalized solution ¢ of (1.1) lies in Lo(R?), and if there exists a constant C' > 0
such that

(1.6) [VESzs|, < Cmt/2v/m  YpeNandj=1,...,s,

then ¢ belongs to Lip*(v, L2(R®)). Conversely, if ¢ lies in Lip* (v, L2(R®)), and if
the shifts of ¢ are stable, then (1.6) holds true for ¥ > v. Note that Han and
Jia [10] have already given a characterization for a refinable function to belong to
L,(R?®), provided it has stable shifts.

In order to apply the preceding results, the integer k& should be chosen appropri-
ately. In Section 4, we will demonstrate that k should be chosen to be the largest
integer such that S(¢) contains ITy_;. This choice of k is related to the approxima-
tion order provided by S(¢). Moreover, if the shifts of ¢ are stable, then k can be
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easily determined by checking the order of the so-called sum rules satisfied by the
refinement mask (see [15] and [16]).

It turns out that the critical exponent of the normalized solution of (1.1) can be
computed by finding the spectral radius of the corresponding transition operator
restricted on a suitable invariant subspace. For an integer k > 0, let

Vi := {v € 0(Z°) : Z pla)v(a) =0 Vpe Hk}.

a€Zs

Choose k to be the largest integer such that S(¢) D IIx_q. If the shifts of ¢ are
stable, then Vj_1 is an invariant subspace of T,. Moreover, let b := axa*, where a*
is the sequence given by a*(a)) = a(—«), a € Z*. Then Va,_; is invariant under T5.
Let p be the spectral radius of Tp|v,, _,. In Section 4, we will establish the following
formula for the critical exponent of ¢:

(L.7) v(@) = (1 - log,, p)s/2.

Finally, in Section 5, we will provide several examples to illustrate the general
theory. In particular, one example shows that (1.7) may fail to hold if the stability
condition is not satisfied.

In a forthcoming paper we will give a comprehensive study of the smoothness of
multivariate refinable functions in Besov spaces.

2. CHARACTERIZATION OF SMOOTHNESS

In this section we give a characterization for the smoothness of a refinable func-
tion in terms of the refinement mask. Our characterization is based on the following
theorem.

Theorem 2.1. Let v > 0 and let k be a positive integer. Let M be an isotropic
dilation matriz with m = |det M|. If ¢ € Lip*(v, L2(R®)) and k > v, then there
exists a constant C' > 0 such that

(2.1) Vi e, @, <Cm™/**  VneNandj=1,...,s.

Conversely, if a function ¢ € Lo(R®) satisfies the conditions in (2.1), then ¢ belongs
to Lip* (v, L2(R?)).

The proof of this theorem is elementary but technical. Thus, we postpone its
proof to the end of this section.

Given an element a € ¢o(Z®) and a dilation matrix M, let S, be the subdivision
operator given by (1.4). If ¢ satisfies the refinement equation (1.1), then

(2.2) $=Y_ Sré(a)p(M" - —a).

a€EZS
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This can be verified by induction on n. When n = 1, (2.2) is just the refinement
equation (1.1). Suppose n > 1 and (2.2) is valid for n — 1. Then

o= SiT'o(B)e(M - =)

BELS

= 3 S576(8) 3 a(@)(M™ - —MB — )
BeZLs aEZs

=2 [Z alo — Mﬁ)szz*s(ﬂ)} S(M™ - —a)
a€Zs ez

=Y Sro(a) oM™ - —a).
a€Z*

This completes the induction procedure.
The following theorem gives a characterization of the smoothness of a refinable
function.

Theorem 2.2. Let M be an isotropic dilation matriz with m = |det M|. Let ¢ be
the normalized solution of the refinement equation

¢=Y a(a)p(M - —a),
€L

where a € Lo(Z°) with ) cz. a(a) = m. Let v >0 and let k be a positive integer.
If ¢ € Ly(R®), and if there exists a constant C > 0 such that

(2.3) vksrs|, < cm2on YpneNand j=1,...,s,

then ¢ € Lip* (v, L2(R?)). Conversely, if ¢ € Lip* (v, L2(R?®)), and if the shifts of ¢
are stable, then (2.3) holds true for k > v.

Proof. The proof is based on Theorem 2.1. Suppose the mask a satisfies (2.3). It
follows from (2.2) that

(2.4) Vi, 0= 3 VESIS(0) 6(M" - —a).
a€EZS
Since ¢ € L2(R?) is compactly supported, there exists a positive constant C inde-
pendent of n and j such that
k -n kgn
[V3ne,@ll, < Com™"72[[ Vi Sz,
This in connection with (2.3) tells us that (2.1) holds true. Thus, by Theorem 2.1,
¢ belongs to Lip*(v, L2(R?)).
Conversely, suppose the shifts of ¢ are stable. It follows from (2.4) that

(25) m=" 2 V5S0], < Col|Vine, @

J

27
where C7 is a constant independent of n and j. If ¢ € Lip*(v, L2(R?)), then (2.1) is
valid for k > v, by Theorem 2.1. Therefore, (2.3) follows from (2.1) and (2.5). O

The proof of Theorem 2.1 is based on the following two lemmas.

Lemma 2.3. Suppose vy, ... ,v, are vectors in R®, and t1,... ,ty are positive real
numbers such that t1---ty, = 1. Then for every f € La(R?),

1 k
90Vt < £ 22609211
Jj=1
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Proof. We observe that, for v € R?,

(Vof)(©) = (1—e ™) f(6), ¢eRr.
Thus, by Parseval’s identity we get

k
Vm o 'vka : = (27T)_S |: 1- _wj ¢ :| |f |2 df
[ I2= o [ I |

It is well known that the geometric mean does not exceed the arithmetic mean;
hence t1 - - -t = 1 implies that
k , k LA ¢ 2
) e ) (G| TS oAl Ev
=1 j=1 =1
Consequently, we obtain

1o Iy
||VU1-~~Vka||§§ - E (2m)~ / 1 —w;g}% €)|2 de = - E HI\% f||27
= =1

as desired. O
Lemma 2.4. Let M be an isotropic matrix with spectral radius o # 0. For any
vector norm || - || on R®, there exist two positive constants C1 and Co such that the
inequalities

Cro™|vll < [[M™ o] < Cao™||v]|
hold true for every integer n and every vector v € R®.

Proof. Since M is isotropic, M is similar to a diagonal matrix diag{A1,..., s}
with [A| = -+ = |\¢| = 0. Hence, we can find a basis {vy,...,vs} for C* such
that Mv; = Ajv;. Recall that two norms on a finite dimensional linear space are
equivalent. Hence there exist two positive constants C; and Cs such that

S S S
Clz|aj| < vl §022|aj| for U:Zajvj.
j=1 j=1 j=1

I Ny — S
ajv; we have M"v =3

But for v =" i1

=1 ajAjv;. It follows that

1Mol < Co ) laghf| = Coo™ Y lay| < CoCf o™ o]

j=1 j=1
and
S S
[M™0]| > Cy Y lagAp| = Cio™ Y aj| > CLCy o™ |o]].
j=1 Jj=1
This completes the proof of the lemma. O
Proof of Theorem 2.1. Since M 1is isotropic, its spectral radius is o = m!/*. If

k> v and ¢ € Lip* (v, Lo(R?)), then there exists a constant C; > 0 such that
HVM ne, ¢‘|2<C’1|M "e;l” VneNandj=1,...,s
By Lemma 2.4, there exists a constant Cy > 0 such that
|M™"e;” < Ca(c™™)” VneNand j=1,...,s
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Therefore, it follows that
[Vhine,dll, <Ci1Ca(m™/*)"  ¥neNandj=1,...,s.

This verifies (2.1).

Conversely, suppose (2.1) is true for a function ¢ € Ly(R®). We wish to prove ¢ €
Lip* (v, L2(R®)). Let y be a nonzero vector in R®. We choose a; € Z° (j = 1,2,...)
inductively as follows. Choose a1 € Z° such that |[My — aq| = dist(My, Z%).
Suppose a1, ... ,a; have been chosen. Let y; := My — (M7= ay + -+ + a;) and
choose a1 € Z° such that |My; — aj1| = dist(My;,Z°). By our choice of ¢
(j=1,2,...) we have |y;| < 1, and hence |oj11| < |My;|+ 1 for j =1,2,.... Let
N :=sup{|Mu] : [u] <1}. Then N < oo and |aj41| < N+1forj=1,2,.... Since
limy, oo M~™ = 0, the vector y has the following representation:

o0
(2.6) y=> M7a;.
j=1
Let n be the smallest positive integer such that a,, # 0. Then there exists some 7,
1 <r < n, such that |[M"y| > 1/2, for otherwise we would have a1 = -+ =a, =0
by our choice of «j, j = 1,2.... By Lemma 2.4, there exists a constant C; > 0
such that |M7v| < Cio7|v| for all v € R® and all j = 1,2,.... Consequently,

1/2 < |M"y| < Cio"|y| < Cro™|yl.

In other words,

(2.7) o~ < 201yl.
Write v; for Moy, j =1,2,.... Since a3 = -+ = a1 = 0, (2.6) implies that
Vo= Qb
j=n

where Q; := 7, V,, with u,, := 0 and u; := Zz:nﬂ vg—1 for j > n. It follows that
ool < >0 Qi Qud|
(J1se dr)ENE
where N,, denotes the set {n,n+1,...}. Note that

Hle T Q3k¢H2 = vah ’ “v”jk(bHQ'

27

Forr=1,... ,k, let
(28) t, = a'_l’(_jr"l‘(jl‘f‘""‘rjk)/k)'

Clearly, t1 -+ -t = 1. By Lemma 2.3 we have
k
1
(2.9) V0, - Vo ll5 < 7 D8V, 65
r=1

But v; = M Ja; for aj € Z* with |a;| < N + 1. By Lemma 2.3 it follows from
(2.1) that

IV o], < Cao,
where C5 is a constant independent of j. This together with (2.8) and (2.9) yields

[V, - Vi, 6|5 < CFo2vUrttinl/k,
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To summarize, we have proved that
(2.10) HV5¢H2 <y Z o vlrttik) [k
(J1,--- 2k ) ENE

The sum on the right-hand side of (2.10) can be computed as follows:

oo k
Z o VUit tin)/k — <Z U—l/j/k> — U—vn/(l . U_V/k)k.
j=n

(415 J1)ENE

Thus, there exists a positive constant C3 independent of y such that
k —vn
V9|, < Cso™.
By (2.7) we have o~™ < 2C|y|; hence there exists a constant C' > 0 such that
Iv5ell, < Clyl” Yy eRe.
This shows ¢ € Lip*(v, L2(R?)), as desired. |

3. SPECTRAL RADIUS

Theorem 2.2 gives a characterization for the smoothness of a refinable function
¢ in terms of the refinement mask a. In order to calculate the critical exponent of
¢ efficiently, we need to compute the limit

nh_}rr;(jHVfSQéH;/n
for j = 1,...,s. This problem has been solved by Han and Jia in [10]. But the
results in [10] rely on the joint spectral radius of certain linear operators on a finite
dimensional linear space. In the present setting, only the smoothness in the Lo-
norm is concerned. So we can give a self-contained exposition of this topic without
using the joint spectral radius.

The support of a distribution ¢ on R® is denoted by supp¢. For an element
b € €y(Z?), its support is defined by

suppb := {a € Z° : b(a) # 0}.

For a bounded subset Q of R*, we denote by ¢(f2) the linear subspace of £y(Z*)
consisting of all sequences supported on N Z*.
For § € Z*, we denote by d3 the sequence on Z° given by

)1 ifa=4,
55(0‘)_{0 if a €25\ {8).

The shift operator 77 on £(Z*) is defined by
Pu=u(- - B), u € U(Z°).
An element v € (o(Z°) induces the Laurent polynomial o(z) = > . v(a)z?,
which in turn induces the difference operator
(1) = Z v(a)T.
a€EZS
For a given element a € ¢y(Z®) and a dilation matrix M, let T, be the transition

operator given by (1.5). The following lemma gives some information about the
spectral properties of the transition operator 7.
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Lemma 3.1. Suppose that a is an element of €o(Z°) and M is a dilation matriz.
Let H :=suppa and

(3.1) Q::iM_"H:: {iM_"hn:hneH VnEN}.
n=1

n=1
Then Q has the following properties:

(a) supp ¢ C Q,
(b) £(Q) is invariant under the transition operator T,, and
(c) for any v € £y(Z*), there exists some integer v such that Tiv € £(Q).

Proof. To prove (a) we deduce from (1.1) that « € supp ¢ implies Mz — « € supp ¢
for some « € suppa = H. Hence x € M~ 'supp¢ + M ~'H. In other words,

suppp € M~1H + M~ tsupp ¢.
Iterating the above relation n times, we get
suppp C M *H + .-+ M™"H + M ~"supp ¢.

Since lim,, oo M ™™ = 0, it follows that

supp ¢ C ZM‘"H = Q.
n=1
In order to verify (b) we pick an element v € £(2) and observe that T,v(«) # 0
implies that a(Ma — 3) # 0 for some 8 € suppv. Hence

supp (T,v) C M*H+M7'Q =Q.

This shows that ¢(2) is invariant under 7.
Finally, for an element v € {(Z*), we have

supp (Tyv) € M~'H + M~ 'suppv.
Tterating the above relation n times, we obtain
supp (T7v) C M 'H +--- + M™"H + M~ "suppv.

Note that Q is a compact set, and so d := dist (Q2,Z° \ Q) is positive. Since
lim,, oo M ™" =0, there exists a positive integer r such that dist (o,Q) < d for
all @ € supp (Tov). For this 7, we have o € Q for all @ € supp (7 v). Hence
Trv € (). O

Let us draw several useful consequences from Lemma 3.1. If v € ¢y(Z?) is an
eigenvector of T, corresponding to an eigenvalue o, then o"v = Trv € £(Q) for
sufficiently large r. Hence o # 0 implies v € £(Q2), and v ¢ £(Q?) implies 0 = 0.
This shows that T, only has finitely many nonzero eigenvalues. Moreover, any
eigenvector of T, corresponding to a nonzero eigenvalue is supported in 2. For an
invariant subspace V' of T, we define the spectral radius of T,|y by

p(Tulv) == p(Tale)nv)-

In particular, p(T,) := p(Tul¢q)). Note that the subdivision operator S, and the
transition operator T, have the same nonzero eigenvalues (see [16]).

If U is a finite subset of £y(Z?®), then the minimal invariant subspace of T,
generated by U is finite dimensional. To see this, let E := |J,cy suppu, G :=
MEUHU{0}, and K :=J,—; M~ "G. Then ¢(K) is a finite dimensional invariant
subspace of T, containing U.
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Lemma 3.2. Let a and v be two elements of €o(Z°). Then forn=1,2,...,

(3.2) Trv(a) = o(r)S;o(M"a) VaeZ°.
Consequently,
(3.3) [T7vlloo < [[0(7)5g 0]l 0o-

Proof. The proof proceeds by induction on n. For n =1 and a € Z® we have
Tow(a) =Y a(Ma—Bw(B) =Y v(B)S.d(Ma— ) =0i(r)S.6(Ma).
pezs pezs
This verifies (3.2) for n = 1. Suppose n > 1 and (3.2) is valid for n — 1. Then for
o € Z° we have
Thv(e) = T~ (Tov)(a)
=) (Tow)(N)Sp 1o (M o — )

YELS

=3 N a(My - B(B)SE (M e — )

YELS BEL®

= 0(B) Y a(M"a—My—p3)Si'5(v)

pezs ~EL®
= > u(B)Sp(M a - )
pezs
=0(1)SI(M" ).
This completes the induction procedure. O

Theorem 3.3. Let M be an s x s dilation matriz. For a € £y(Z*), let b := a*xa*,
where a*(a) = a(—a) for « € Z°. Then for v € {y(Z?),
Tim [[9(7) 55611y = /p(Tylw)

where W is the minimal Ty-invariant subspace generated by w = v*v*.
Proof. For n=1,2,..., write a,, for S7'0 and b,, for Sj'6. Note that the symbol of
o(T)ay is 9(z)an(z), and the symbol of w(7)by is w(2)by(z). Moreover, for z € T*
we have w(2)b,(2) = |0(2)an(2)|>. By the Parseval identity we obtain

1 . 12 1 e~ .

[5(T)anll3 = —/ (e )an(e”)|" d¢ = —/ (e )by (e™) dé.
2 (2 [0,277)3} | (2m)% Ji0,27)
Since @(e*)b, (e) > 0 for all £ € R?, it follows that
1 (2 (2
G [ B () g = )b 0).

(2m) [0,27)®

This in connection with (3.3) yields
w(7)bn (0) = Ty'w(0) < [| Ty wlloe < [[w(7)bnl[oc = w(7)bn(0).

w(T)bn (0) < [0(7)bnloc <

Since W is the minimal Tj-invariant subspace generated by w, we obtain
. n n . ~ 1/n . ~ 2/n
p(Tolw) = Tim | Twl|X" = tim [@(7)ba(0)] " = tim [|5(r)an;",
as desired. O
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We remark that Goodman, Micchelli, and Ward in [8] established a result similar
to Theorem 3.3 for the special case v = 4.
For j=1,...,s,let A; denote the difference operator on ¢y(Z°) given by

Ajui=2u—u(-—ej) —u(- +e;), u € £o(Z%).

Theorem 3.4. Suppose that the normalized solution ¢ of the refinement equation
(1.1) lies in L2(R®). Let b:= axa* and, for a positive integer k, let

p=max{p(Tplw,) :j=1,...,s},
where W; is the minimal Ty-invariant subspace generated by A?é . Then

v(¢) 2 v = (1 —log,, p)s/2.
Moreover, if k > v, and if the shifts of ¢ are stable, then v(¢) = v.
Proof. We observe that p = m!=2"/* and (V;0)x(V;6)* = A;6. Write p; for
p(Tylw,), 7 =1,...,s. By Theorem 3.3, we have
. nc||1/n 1/2 —v/s
lim HV?S’a(SHQ/ :p,/ < pHE =t/

n—oo J -

Thus, for any given € > 0, there exists a constant C' > 0 such that
|VEsze||, < Cm1/2= =)/ ypeNandj=1,...,s.

By Theorem 2.2, ¢ belongs to Lip*(v — e, La(R®)). Since € > 0 can be arbitrary,
we conclude that v(¢) > v.

Now suppose that k > v and ¢ has stable shifts. If v(¢) > v, then there exists
some ¢ > 0 such that k > v+ ¢ and ¢ € Lip"(v + €, L2(R*)). By Theorem 2.2,
there exists a constant C' > 0 such that

[VES2|, < Cm/2-w+a/9m ypeNandj=1,...,s.
By Theorem 3.3, it follows that

p= max {p;} = max { lim HV?S&;HE/”} < ml-2v+e)/s,
Jj=1,....,s j=1,...,s \n—o0
On the other hand, v = (1 — log,, p)s/2 implies p = m!~2*/5. This contradiction
shows that v(¢) = v. O

4. INVARIANT SUBSPACES

In order to use Theorem 3.4 to calculate the critical exponent of a refinable
function ¢, it is important to choose an appropriate k. Let p and v be given as in
Theorem 3.4. If k is chosen so small that k& = v, then v might not be the optimal
smoothness.

This problem is related to the approximation order provided by S(¢), the shift-
invariant space generated by ¢. The reader is referred to [15] for a recent survey
on approximation by shift-invariant spaces.

Let S := S(¢)N L,(R*). For h > 0, let S™ := {g(-/h) : g € S}. For a real number
k > 0, we say that S(¢) provides approximation order « if for each sufficiently
smooth function f in L,(R®), there exists a constant C' > 0 such that

inf ||f—gll, <Ch" Vh>0.
gesh
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Let 1 <p < o0, let k be a positive integer, and ¢ a compactly supported function in
L,(R*) with ¢(0) # 0. It was proved by Jia [12] that S(¢) provides approximation
order k if and only if S(¢) contains ITj_.

Smooth refinable functions provide good approximation orders. This fact was
observed by Cavaretta, Dahmen, and Micchelli in [2]. Their work was extended by
Ron [22] to multiple refinable functions. The following theorem, established by Jia
in [16], deals with refinable functions associated with isotropic dilation matrices.

Theorem 4.1. Suppose M is an s X s isotropic dilation matriz, and a is an ele-
ment in lo(Z°) satisfying (1.2). Let ¢ be the normalized solution of the refinement
equation (1.1).

If € WE(R?), then Iy C S(¢) and S(¢) provides approzimation order k + 1.

Now it is clear how to choose an appropriate k in Theorem 3.4. We should choose
k to be the largest integer such that S(¢) contains II;_;. Indeed, if k is chosen in
such a way, then v(¢) < k, by Theorem 4.1. Let p and v be given as in Theorem
3.4. Then v < v(¢) < k; hence v(¢) = v, provided the shifts of ¢ are stable.

The approximation order provided by a refinable function ¢ can be easily deter-
mined by checking the order of the so-called sum rules satisfied by the refinement
mask. For an s X s dilation matrix M, let I' be a complete set of representatives of
the distinct cosets of Z°/MZ®. Let k be a positive integer. An element a € £y(Z°)
is said to satisfy the sum rules of order k if, for all p € IT;_q,

S aMB)p(MB) = Y a(MB+7)p(MB+~)  Vyel.

BELs BELs

The following results were established in [16].

Theorem 4.2. Let ¢ be the normalized solution of the refinement equation (1.1)
with the dilation matric M and the mask a. If the refinement mask a satisfies the
sum rules of order k, then S(¢) contains Mg_1. Conversely, if S(¢) contains Mg_1,
and if the shifts of ¢ are stable, then a satisfies the sum rules of order k.

Note that the dilation matrix in the above theorem is not necessarily isotropic.

A sequence u on Z°® is called a polynomial sequence if there exists a polynomial
p such that u(a) = p(a) for all a € Z°. The degree of u is the same as the degree
of p. For a nonnegative integer k, let P, be the linear space of all polynomial
sequences of degree at most k, and let

Vi = {v € 6(Z°) : Z p(a)v(a) =0 Vpe Hk}.
aE€Zs
We observe that Vj, is shift-invariant, that is, v € Vj, implies v(- — «) € Vj, for every
CESWAS

Theorem 4.3. For an element a € lo(Z*) and a dilation matriz M, the sequence a
satisfies the sum rules of order k if and only if Vi1 is invariant under the transition
operator T,. Moreover, Vi_1 is the linear span of the sequences V*§(-—a), |u| = k,
a€Z°.

Proof. The first statement was proved in [16]. Let us prove the second statement.
Each element u € ¢(Z®) defines the linear functional on ¢(Z?) as follows:

(w,v) = > u(a)v(e), v EL(ZY).

a€Zs
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It is easily seen that £(Z°®) is the algebraic dual of ¢3(Z*®). Let W be the linear
span of the sequences VH4(- — «), |u| = k, @ € Z*. Evidently, Vi_1 contains
W. If W # Vj_1, then we pick an element v € Vi1 \ W. Since ¢(Z°) is the
algebraic dual of £y(Z*), there exists an element u € ¢(Z°) such that u € W+
and (u,v) # 0. But u € W+ implies that V*u(a) = 0 for all || = k and a € Z°.
Consequently, u € Py_1, and hence (u,v) = 0. This contradiction shows W = Vj,_1,
as desired. (]

We are in a position to establish the following characterization of the smoothness
of a refinable function in terms of the refinement mask.

Theorem 4.4. Let ¢ be the normalized solution of the refinement equation (1.1)
with the dilation matrix M and the mask a. Suppose that the dilation matriz M is
isotropic. Let b := axa*, where a* is the sequence given by a*(a) = a(—a), o € Z°.
If k is the largest integer such that S(@) contains Ug_1, then Var_1 is an invariant
subspace of Ty,. Moreover, if the shifts of ¢ are stable, then

where p is the spectral radius of the linear operator Ty|v,, -

Proof. Let

fi=¢xg",

where ¢* is the distribution given by ¢* := ¢(—-). Then we have (&) = |(¢)|? for
& € R®. Moreover, f satisfies the following refinement equation:

(4.1) f=> ) f(M-—a),

a€Zs

where ¢ := b/m = axa™/m.

Since the shifts of ¢ are stable, we see that, for any £ € R®, there exists some
B € Z° such that q@(g + 2p87) # 0; hence f(f + 2p7m) # 0. This shows that the
shifts of f are stable. Moreover, S(¢) D I,y implies that D*¢(267) = 0 for all p
with |u| <k —1and all 8 € Z* \ {0} (see [16]). By using the Leibniz formula for
differentiation, we can easily deduce that D¥ f(267) = 0 for all y with |p| < 2k — 1
and all G € Z° \ {0}. Therefore S(f) D Iax—1. Thus, by Theorems 4.2 and 4.3,
Vor—1 is invariant under Tp.

For j = 1,...,s, let W; be the minimal invariant subspace of T} generated
by A;’?é. Observe that A?(S € Vor_1. Since Vop_1 is invariant under T}, we have
Wj C Vap—1. Thus, p(Tylw,;) < p for j = 1,...,s. By Theorem 3.4 we conclude
that v(¢) > (1 — log,, p)s/2.

It remains to prove v(¢) < (1 —log,, p)s/2. For this purpose, we assume that ¢
lies in WY (R?) for some v > 0. Then v < k by Theorem 4.1. Also,

(42) [ 1@l as = | 1aPler ds < oo
Let = (p1,...,us) be a multi-index with || = 2k. Let n be a positive integer.
For j =1,...,s, write v; for M~"e;. We have

S

(Vi Vi) (© = FO [ —e™9)",  ¢eRre

j=1
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Choose 0 :=v/k. Then 0 < § < 1. We observe that
|1 —e"| = |2sin(¢/2)] < 20t]” VteR.

Hence

) (R

By Lemma 2.4 we have

< 9% H luj - €%, € e R

v - &l = [M""e; - §| < M7 "el[] < Cro™"E], € RS,

where C; > 0 is a constant independent of n and o = m!/* is the spectral radius
of M. Combining the above estimates together, we see that there exists a constant
C5 > 0 such that

(4.3)
98t fll < [ 1072V @ de < Coom [ P ae

It follows from (4.1) that

fF=" 8'6(a) f(M" - —a).

a€EZS

Applying the difference operator V{1 ... Vs to both sides of this equation, we
obtain

VLVl f = VSIS (a) f(M™ - —a).

a€EZS

Since the shifts of f are stable, there exists a constant Cs > 0 such that
|VESEs|| < Cs||[Vht---Vhefll . Vn=1,2,....

This together with (4.2) and (4.3) tells us that there exists a constant C' > 0 such
that

[VrsEs|| < Co™  Vn=1,2,....
By Lemma 3.2 we have
T (V*35)(a) = TPVEST6(M™a)  Va,B € Z°.
It follows that
|TrvHég| < ||[VHS2é|| < Co™™  ¥n=12,....

By Theorem 4.3, Va_1 is spanned by V*dg, |u] = 2k and 8 € Z*; hence we conclude
that

p(Telv,, ,) = max { lim HV“S%H””} <o~ — g2v/s

|ul=2k Ln—oo

But p(Telvy,_ ) = p(Thlva,_,)/m = p/m. Therefore, p/m < m~2"/% which implies
that v < (1 —log,, p) $/2. This shows v(¢) < (1 —log,, p) /2, as desired. |
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5. EXAMPLES

In this section we give several examples to illustrate the general theory. Our first
two examples are concerned with self-similar tilings (see [9]).

Example 5.1. Let s = 2 and M = 21, where I is the 2 x 2 identity matrix. Let
¢ be the normalized solution of the refinement equation ¢ = ;- a(a)o(2 - —a),
where a is the sequence on Z? given by its symbol

a(z) = 23 4 23 + 2120 + 2123, 2= (z1,2) € (C\ {0})2
Then
v(p) =1—log, 3.
Proof. Let b := axa™. Then the symbol of b is
b(z) =4+z1+z1_1+z2+z2_1+z1z2+z1_1z2_1+z1z2_1+zf1z2
+ 2122_2 + zl_lzg + zfzz_l + 21_222.
Let Ty be the transition operator associated with b. Set
V1 = —0_¢, + 20 — dey,
Vg 1= —0_¢y + 20 — Je,,
V3 1= —0_¢, e, + 20 — e, tes)
V4 1= —0_ci4es + 20 — ey —es-

Then the Tj-invariant subspace W generated by v; and wvs is the linear span of vy,
vg, v3, and vg. Moreover,

V1 1 1 0 1 |vn
V2| 1 1 0 1 (%)
T vs| |1 1 1 0f |vus
V4 1 1 0 1 V4

The eigenvalues of the above matrix are 0,0, 1, and 3. Hence p := p(Tp|w) = 3.
Since p(Tp|w)/4 < 1, the subdivision scheme associated with the mask a converges
in the Ly-norm and ¢ lies in Lo(R?) (see [10]). Hence the shifts of ¢ are orthonormal
(see [9]). Therefore, by Theorem 3.4 we obtain

v(p) = (1 —log,, p)s/2 =1 —log, 3.
Note that the symbol a(z) is irreducible (see [16]). |
Example 5.2. Let ¢ be the normalized solution of the refinement equation
¢ =¢(M:) + ¢(M - —e1),

where

Then the critical exponent of ¢ is
v(¢p) =1—log, A = 0.2382,

where ) is the real root of the cubic polynomial 2% — 2% — 2.
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Proof. Note that M is isotropic. It is known that ¢ lies in Ly(R?) and has or-
thonormal shifts (see [9]). In this case, the mask a is given by a(0,0) = a(1,0) =1
and a(a) = 0 for a € Z%\ {(0,0),(1,0)}. Let b = a*a*. Then b(0,0) = 2,
b(—1,0) =b(1,0) = 1 and b(«w) = 0 otherwise. Set

V1= —0_e, + 20 — Oy Un = —0_ey + 20 — ey, U3 = —0—eytey + 20 — Gey—ey

Then the Tp-invariant subspace generated by v; and vy is the linear span of vy, vg
and vz. Moreover,

V1 0 0 1| |un
Tb Vo | = 1 1 0 (%)
V3 0 2 0 V3

The characteristic polynomial of the above matrix is A> — A2 — 2. It has one real
zero A1 ~ 1.6956 and two complex zeros Ao 3 ~ —0.3478 £ 1.0289:. We have
p(To|lw) = A1. Therefore

v(p) =1 —logy(A1) =~ 0.2382.

Example 5.3. Let ¢ be the normalized solution of the refinement equation

o= ala)o(M - ~a),

a€Z?

where

and the mask a € £o(Z?) is given by

a(a) = {1/2 for a € {(0,0), (0, 1), (1,0), (1,1)},

0 otherwise.

Then the critical exponent of ¢ is
V(@) = 5/2.

Proof. Let f be the function given by its Fourier transform

f(€1,€2) = g(&1) 9(§2) g(&1 + &2) 9(=&1 + &2), (£1, ) €R?,

where ¢ is the function on R given by & — (1 —e~%)/(i¢), £ € R. The function f is
a box spline, known as the Zwart-Powell element (see [1, p. 181]). It was observed
by Villemoes [24] that ¢ = f(- + 2e2). Therefore, v(¢) = v(f) = 5/2.

Let us find b := a * a*. It is easily seen that

1 1 2 1
(b(al’a2))—1§a1,a2§l = Z ? ;1 ? y

and b(a) = 0 for a € Z%\ [~1,1]2. Let V be the minimal invariant subspace of T},
generated by A6 and A3§. By computation we obtain p(T}|y) = 1/2. Theorem 3.4
tells us that

v(¢) = 1 —logy (p(Th|v)) = 2,
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which does not give the optimal smoothness of ¢, because the shifts of ¢ are not
stable.
However, the optimal smoothness of ¢ can be recovered by the following consid-
eration. Set
U= Ve, Ve, tea Ver—es0;, Uz := Ve, Ve, Ve —e,0,
uz = v62v61+62v61—6267 Ugq = vel veg v61+6257

and vj := uyxui, j = 1,2,3,4. Let W be the linear span of v;, j = 1,2,3,4. We
have

U1 0 1/2 0 0 V1
T V2| 0 0 1/4 0 V2
Plogl — 10 0 0 1/2| |vs
V4 1/4 0 0 0 V4

Thus, W is an invariant subspace of T,. The characteristic polynomial of the above
4 x 4 matrix is \* — 1/64. Hence p(Ty|w) = v/2/4. From the discussion in Section
2 we can derive that

v(¢) > 1 —logy (p(Thlw)) = 5/2,
as desired. (|

Example 5.4. Let s =2 and M = 21, where [ is the 2 x 2 identity matrix. Let a
be the sequence on Z? given by its symbol

Zz(z) = (1 + 21)(1 + 22)(1 + 2’12’2) [1 +t+ (1 — t)Zl + (1 — t)ZQ + (1 + t)leg] /8,

where t is a real number. Let ¢; be the normalized solution of the refinement
equation with the mask a corresponding to the parameter ¢. Then

4—log,o; forteR\{0,—1},
V(¢t): 401 - \{ g }
5/2 fort=0ort=—-1,

where o, = 10 + 4t + 2t + /36 — 48t + 562 + 1443 + 68t4.

Proof. For t = —1,0, or 1, ¢; is a box spline. For our purpose, we only need box
splines of the following type. For nonnegative integers j, k,p,q, let Bj 1 p 4 be the
box spline given by its Fourier transform:

Bjpa(1,6) = ¢ (€1) g5 (&) g7 (&1 + &) g7 (—&1 + &), (£1, ) €R?,

where g is the function on R given by £ — (1 —e~%)/(i€), £ € R. We can easily
verify that ¢o = B2 21,0, ¢1 = Bi,1,2,0, and ¢_1 = Bi1,1,1(- — €1). Note that the
shifts of Bj 1 p,0 are always stable. But the shifts of the box spline B1,1,1,1 are not
stable. Moreover, v(¢g) = v(¢—1) = 5/2 and v(¢1) = 3/2. See [1] for these facts.
We will prove that the shifts of ¢; are stable for ¢ # —1 at the end of this section.
In order to calculate the critical exponent of ¢;, we need to find
lim || V2 S5

n—oo 2
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for j = 1,2. For this purpose, we set

pl = nli—>ngo||V62v@1"1‘62‘S’l’,l’L(SH;/’n’7
p2 = nllngo|‘v€1v€1+€2sg(5”§/n7
2/n

p3 1= nlLII;O||V61V@2S;Z5‘|2

Let p := max{p1, p2, p3}. It is easily seen that

max{ lim [|V2 s26][;"} = p.

7j=1,2 {n—o0 2

To facilitate the computation of p;, j = 1,2, 3, we introduce the sequence c given
by its symbol

cz)=0+t)+ (A -t)z1 + (1 —t)za+ (1 +t)z120.

Furthermore, let a; (j = 1,2,3) be the sequences given by

a1(2) = (1 +z1)¢(2)/8, aa2(z) = (1 + 22)é(2)/8, and as(z) = (1 + z122)¢(2)/8.
We claim that, for j = 1,2, 3,

(5.1) p; = lim ||S7 8]2".

n—oo 2

Indeed, by [13, Theorem 3.3], there exist two positive constants C; and Cy such
that

Cul|S2, 8y < [[Vea Ver+ea Sl < Cof|S2 6]

for all n =1,2,.... This verifies (5.1) for j = 1. The cases j =2 and j = 3 can be
proved in the same way.

Now we are in a position to compute p;, j = 1,2,3. For this purpose, let
bj := aj*aj, j =1,2,3. Then the nonzero entries of b; are given by the matrix

1 1—2t+12 4—4t 6—2t2 444t 1+2t+¢2
5 2 — 212 8 12 + 4¢2 8 222 |,
1420412 444t 6—2t2 4—4t 1-—2t+1¢2

where 12 + 4¢2 is the entry at the origin. Set
V] = 5_51 =+ 551, Vg 1= 5_52 =+ 552, V3 1= 5_61_52 + 561+62.

ool L 124412 2-2t%] [ 4
blu| T 64 16 8 v

Hence the minimal T}, -invariant subspace generated by § is the linear span of §
and v;. By Theorem 3.3 we obtain

p1 = p(Ty, |w) = max{16, 4 + 4t*} /64.

Then

By symmetry we also have

pa = max{16,4 4 4t} /64.
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The nonzero entries of b3 is given by the matrix

0 0 1—2t+¢2 2 —2t? 142t 4¢3
1 0 2 — 4t + 212 6 — 612 6 + 4t + 612 2 — 22
— [1—2t+¢2 6 — 6t2 10 + 4t + 10t2 6 — 6t2 1—2t+2|
64| 9 92 Gadt+62  6-612  2—df+ 22 0
1+ 2t + 2 2 — 2t2 1—2t+¢2 0 0

where 10 + 4t + 10t? is the entry at the origin. By computation we obtain

5 1044t +10t2 1—2t+t>2 1—-2t+t> 14+2t4+t21[6
oo 2L 12 — 12¢ 6 — 6t2 2 —2¢2 222 ||vg
bs ol ~ 64 | 12— 122 2 — 22 6 — 62 2—2t2 || uvg
Vs 1248t +12t2 2 —4t+2t2 2 —4t+2t2 6+ 4t + 662 || v

The eigenvalues of the above matrix are 4(1 + t2)/64, 4(1 — t2) /64, and

[10 + 4t + 2¢% + /36 — 48t + 5612 + 144¢3 + 68t4 ] /64.
It can be easily verified that
p3 = 01/64,

where

oy = 10 + 4t + 2¢% + \/36 — 48t + 5612 + 14413 + 684 .
Since p3 > p1 = p2, we obtain
p = o1/64.

By using the results in [10] we can prove that ¢; lies in Lo(R?) if and only if
or < 256. Note that o > 16 with equality if and only if ¢ = 0 or —1. Thus, for
t#£0,p>1/4and 1 —1log,p < 2. Therefore, by Theorem 3.4, we conclude that
the critical exponent of ¢; is

v(¢py) =4 —log,or for t e R\ {0,—1}.

When ¢t = —1, we have 0_; = 16 and 4 —log, 01 = 2. But v(¢_1) = 5/2. In this
case, Theorem 3.4 is not applicable, because the shifts of ¢_; are not stable. When
t =1, we have o1 = 32 and 4 —log, 01 = 3/2. This agrees with the fact that the
critical exponent of the box spline By,1,2,0 is 3/2.

It remains to prove that the shifts of ¢; are stable for t # —1. For simplicity we
write ¢ for ¢;. We observe that

(5.2) $(6) = H(E/2)9(£/2), €= (&,&) €R?,
where
HE) =[1+t+ (1 —t)e™™ + (1 —t)e ™ + (1+1)e O H2] G(¢)
with
GE) = (1 + e ) (1 + e ) (1 4 e 1 E+82)) /32 £ =(£,6) € R2
Let
N(¢):={e€R*: p(¢+2081) =0 V3 ez}
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The shifts of ¢ are stable if and only if N(¢) is the empty set. We claim that
(0,&2) ¢ N(¢) for any & € R. Indeed,
H(0,&)=(1+e7)%/8, & eR.
It follows that

$(0,&) = [(1 — e_i&)/(i@)r, & R

Hence (0,&) ¢ N(¢). The same argument tells us that (£1,0) ¢ N(¢) for any
&1 € R. Furthermore, we have

H(E - =0+e ™)1 +e“)[2+2t+ (1 —t)e ™ + (1 —t)e] /16, £eR.

Consider the function & — ¢(€, —€), € € R. We have

o(& =6 =[] HE/?,-¢/2), ¢eRr

j=1
By using [19, Theorem 1] we can easily prove that this function does not have
2m-periodic zeros, provided ¢ # —1. Hence (§,—¢) ¢ N(¢) for any £ € R. Thus,

€1+ & = 2m implies (§1,82) ¢ N(9).
Let K(¢) := N(¢)N[0,27)%. We have proved that (1, &) € K(¢) implies & # 0,
&5 # 0, and & + & # 2m. We claim that

(5.3) (&1,62) € K(9) = (£/2,6/2) € K(¢) or (£1/2,6/2+7) € K(9).

Indeed, if (£1/2,£2/2) & K(¢) and (£1/2,&2/2+7) ¢ K(¢), then there exist integers
a1, asg, B1, P2 such that

G(E1/2+ 2047, E2/2 4 200m) £ 0  and  G(&1/2 4 2617, E2/2 + 2607 + ) # 0.

But g?)({l +4aym, € +4agm) = 0 and gi;(fl +40617, & +40m + 2mw) = 0. Taking (5.2)
into account, we deduce that H(&;/2,82/2) =0 and H(&1/2,£2/2 4+ 7) = 0. Hence

THt+ (1 —t)e /2 4 (1 —t)e /2 4 (14 t)e@1+82)/2 =
and
Tht+ (1 —t)e ™2 — (1 —t)e /2 — (1 4 t)e{EO1FE)/2 =,
It follows that (1 +¢) + (1 — t)e~%1/2 = 0, which is impossible for & € [0,27) and
t € R. Thus, (5.3) has been verified.
Suppose (£1,&) € K(¢). By (5.3) we can find a sequence £ = ({En),ﬁén)) €
K(¢), n=1,2,..., such that £ = &, &7 = &, and " = W2, ") =
én)/Z or én)/2+7r. Thus, lim,— e f;") = 0. Also, ( én))nzl,gm has a subsequence
which converges to some w € [0,27]. It follows that (0,w) € N(¢), which is a

contradiction.
We conclude that the shifts of ¢; are stable if and only if ¢ # —1. O
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